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Abstract 



ri ■ Halvorson and Clifton have given a mathematical reconstruction of Bohr's 

C^ ' reply to Einstein, Podolsky and Rosen (EPR), and argued that this reply is dic- 

^ I tated by the two requirements of classicality and objectivity for the description 

O^. of experimental data, by proving consistency between their objectivity require- 
ment and a contextualized version of the EPR reality criterion which had been 

^^ , introduced by Howard in his earlier analysis of Bohr's reply. In the present 

^ ■ paper, we generaUze the above consistency theorem, with a rather elementary 

h">, ' proof, to a general formulation of EPR states applicable to both non-relativistic 

fT^ , quantum mechanics and algebraic quantum field theory; and we clarify the el- 

C ' ements of reality in EPR states in terms of Bohr's requirements of classicality 

(_^ ' and objectivity, in a general formulation of algebraic quantum theory. 

f~^ ' KEYWORDS: Bohr, EPR, algebraic quantum theory, modal interpretation 



1 Introduction 



Einstein, Podolsky and Rosen (EPR) 6 discussed a system consisting of two par- 
j^ ' tides. They have interacted initially and then moved apart so that the positions, 

and the momenta, of the two particles are strictly correlated. It follows that if one 
were to measure the position of the first particle, one could predict with certainty 
the outcome of a position measurement on the second particle; and similarly for a 
momentum measurement. EPR proposed a "criterion of reality": 

If, without in any way disturbing a system, we can predict with certainty 
(i.e., with probability equal to unity) the value of a physical quantity, 
then there exists an element of physical reality corresponding to this 
physical quantity. [Q p. 777] 



*email: ozawa@is.nagoya-u.ac.jp 

t email: kitajima.yuichirou@nihon-u.ac.jp 



In accordance with this criterion, the position and the momentum of the second 
particle have simultaneous reality since the measurement on the first particle has 
not disturbed the second particle. On the other hand, position and momentum 
cannot have simultaneous reality in any states in quantum mechanics. Therefore, 
EPR regarded quantum-mechanical description as incomplete. 

In reply to EPR, Bohr pronounced that a measurement on the first particle 
influences the condition which defines elements of reality for the second particle, so 
that he rejected EPR's conclusion. 

[Tjhere is in a case like that just considered no question of a mechani- 
cal disturbance of the system under investigation during the last critical 
stage of the measuring procedure. But even at this stage there is essen- 
tially the question of an influence on the very conditions which define the 
possible types of predictions regarding the future behavior of the system. 
Since these conditions constitute an inherent element of the description 
of any phenomenon to which the term "physical reality" can be properly 
attached, we see that the argumentation of the mentioned authors [EPR] 
does not justify their conclusion that quantum-mechanical description is 
essentially incomplete. JT, p. 700] 

Unfortunately, Bohr's view has prevailed under the Copenhagen interpretation 
with several improper restatements, and so there have been only a few serious at- 
tempts to reconstruct his reply in a rigorous analysis. Here, we shall discuss Howard's 
original contribution [TTJ [12] to the reconstruction of Bohr's reply to EPR and its 
mathematical reformulation due to Halvorson and Clifton [10 . 

Howard [H] reconstructed Bohr's reply to EPR in terms of Bohr's notion of 
"classical description" and "a contextualized version of the EPR reality criterion." 
Bohr stated his view on the classicality requirement of description of experimental 
data as follows. 

[I]t is decisive to recognize that, however far the phenomena transcend 
the scope of classical physical explanation, the account of all evidence 
must be expressed in classical terms. The argument is simply that by the 
word "experiment" we refer to a situation where we can tell others what 
we have done and what we have learned and that, therefore, the account 
of the experimental arrangement and of the results of the observations 
must be expressed in unambiguous language with suitable application of 
the terminology of classical physics. jH p. 209] 

To exphcate this, Howard [TTJ[T2] considered a "measurement context" {ip^R), con- 
sisting of a state vector if} and an observable i?, in which the observable R is to 
be measured in the state i/;. He asked which observables should be considered to 
possess their values as elements of reality, and claimed that Bohr's notion of clas- 
sical description is best explicated via the notion of "appropriate mixture" for the 
measurement context {ip,R) under consideration O pp. 190-199]. 

My claim about the nature of a classical description is that Bohr did not 
mean simply the application of classical physics — the physics of Newton, 
Maxwell, Boltzmann, and Einstein — in some combination appropriate 



to the occasion. I will argue instead that a classical description, in the 
sense of "classical" relevant to Bohr's concerns, is a description in terms 
of what physicists call "mixtures" (as opposed to what are termed "pure 
cases" ) , a formal device that permits us to proceed as if the systems being 
described were in well-defined, if unknown, intrinsic states, at least with 
respect to those properties requiring a classical description. The device 
of mixtures also permits one to give a classical, ignorance interpretation 
to any statistics that one encounters. Which mixture to employ in a 
given classical description will depend upon the kind of measurement 
being performed, the "appropriate mixture" being one constructed out 
of simultaneous eigenstates of all the observables measurable in a given 
experimental context. [121 p.203-204] 

Halvorson and Clifton [lOl p. 13] showed that Howard's notion of "appropriate mix- 
ture" can be formulated generally in algebraic quantum theory as a beable subalgebra 
[S] for a given measurement context (tp, R). 

However, this notion is not sufficient to select one appropriate beable subalgebra 
from other candidates. For this purpose, Howard [TTl [T^ introduced "a contextual- 
ized version of the EPR reality criterion." 

Once the experimental context is stipulated, which amounts to the speci- 
fication of the candidates for real status, our decision as to which particu- 
lar properties to consider as real will turn on the question of predictability 
with certainty. [TTl P-256] 

Halvorson and Clifton [TUl pp. 14-15] turned down Howard's contextualized EPR 
reality criteriorl]!. For their interpretation of Bohr's notion of objectivity, they intro- 
duced the requirement of invariance under the 'relevant' symmetries for the set of 
observables corresponding to elements of reality. Then they proved the equivalence 
between Howard's contextualized EPR reality criterion and the above invariance 
principle for the case of Bohm's simplified spin version of the EPR experiment [TUl 
Theorem 1]. For the EPR position- momentum case they proved the consistency 
between those two requirements ITOJ Theorem 2] . 

In the present paper, we follow an abstract definition of the EPR state for a 
pair of observables due to Werner 19j and we first show, in Section 2, that such a 
state exists for incommensurable pairs of observables in both nonrelativistic quantum 
mechanics and algebraic quantum field theory (Theorem [1] of Section 2). Then it is 
shown that "contextualized version of the EPR reality criterion" is consistent with 
the requirements of Halvorson and Clifton for the case of Bohm's simplified spin 
version of the EPR experiment, the EPR position-momentum case, and the case of 
algebraic quantum field theory (Theorems [31 [SI and [SJ ■ 



^ The reason for their rejection of Howard's contextualized version of the EPR reaUty criterion 
is obscure. They argued that the EPR reaUty criterion is best construed as a version of 'inference to 
the best explanation' following Redhead 18, p. 72] and that we cannot expect Bohr to be persuaded 
by such inference to the best explanation since he is not a classical scientific realist 10 p. 11]. This 
is plausible, and yet it is not clear whether Bohr would contend against the contextualized version 
either. 



2 EPR states 

In this section, we provide an abstract definition of EPR states and show that such a 
state exists in both nonrelativistic quantum mechanics and algebraic quantum field 
theory (Theorem [1]). 

Let 21 be a unital C*-algebra. A commuting pair in 21 is a pair {A, B) of com- 
muting self-adjoint elements A,Bg 2lso- A state </? of 21 is called an EPR state 
[TJ [in] for a commuting pair {A, B) if 'p{{A — B)^) — 0. For any commuting pair 
{A, B), the joint probability distribution /i^'^ of A, B in (p is defined uniquely to be 
a probability measure /z on R such that 

ip{f{A,B))= f f{x,y)d4'''{x,v) (1) 

for any polynomial f{A,B). Then, cp is an EPR state if and only if n^'^ is con- 
centrated on the diagonal, i.e, ^^'-^ {{{x , x)\ x e R}) = 1. Thus, simultaneous 
measurements of A and B always give concordant results, and each one of the out- 
comes would predict with certainty the other. In Ref. 16 one of the present authors 
introduced a general notion of "quantum perfect correlation" , which can be applica- 
ble to any pair of not necessarily bounded observables A, B that do not necessarily 
commute, and showed that this notion can be equivalently characterized by several 
mathematical conditions, including the condition that they have the joint probabil- 
ity distribution concentrated on the diagonal; a quantum logical reconstruction of 
this notion has been given in Ref. [TTl. According to the above, an EPR state (p for 
(A, B) realizes a "quantum perfect correlation" between commuting A and B in the 
state ip. 

Let 2li and 2I2 be mutually commuting C*-subalgebra of 21. Commuting pairs 
(Ai, A2) and (_Bi, B2) in 21 are called incommensurable pairs from (2li, 2I2) for a state 
</? of 21 if Aj , Bj e 2lj and there are integers Uj , rrij such that (/3(| [A \B, ^ ] p) 7^ for 
j = 1, 2, where [A, B] denotes the commutator of A and B, i.e., [A, B] = AB — BA. 
Here, we note that the incommensurability here is related to the state-dependent 
notion of non-commutativity We say that observables A and B commute in a state 
(fi if there exists a joint probability distribution fi^'^ of A, B in (p satisfying Eq. ([T]) 
for any polynomial f{A, B). Then, it can be seen that A and B commute in </? if and 
only if (/3(|[yl", B"*]!^) = for any integers n^m (See, for instance, Ref. [16 ). Thus, 
commuting pairs (^1,^2) and (Bi,B2) from (2li,2l2) are incommensurable for if if 
and only if Aj and Bj do not commute in (/? for j — 1,2. 

Let (fi be an EPR state for two incommensurable pairs (^1,^2) and {Bi,B2)- 
Then /x;^i"^=({(a;,a;)| x G R}) = 1 and Ai^i^^2({(a;,x)| x G R}) = 1. It follows that 
if we were to measure Ai in if, we could predict with certainty the outcome of A2; 
and if we were to measure Bi in ip, we could predict with certainty the outcome of 

B2. 

Let us consider Bohm's spin version of the EPR experiment. Suppose that we 
have prepared an ensemble of spin-1/2 particles in the singlet state 
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V2 wo; nij nir vo, 

and let (p be the vector state of M{H2) <E) 8(^2) induced by ^, where M{H2) is the 
space of operators on the 2-dimensional Hilbert space H2 — C^- Then, (p is an EPR 



state for incommensurable pairs 

1 0\ ^ ^ /O 

and 

1 /I A . . 1/1 -1 
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from (BCH2) «) CJ, C/ (» BCH2)). 

In the rest of this section, we shall consider algebraic quantum field theory. In 
algebraic quantum field theory, each bounded open region O in Minkowski space 
is associated with a von Neumann algebra 91(0). Such a von Neumann algebra is 
called a local algebra. We say that bounded open regions Oi and O2 are strictly 
space-like separated if there is a neighborhood V of the origin of Minkowski space 
such that Oi + V and O2 are space-like separated. 

In the present paper, we make the following assumptions. For any bounded 
open region O in Minkowski space, 91(0) is not abelian. If Oi and O2 are space-like 
separated, then [^1,^2] = for any Ax G "^(Ox) and A2 G ^{02)- IfOi and O2 are 
strictly space-like separated, then A1A2 ^0 for any nonzero operators Ai € 9T(Oi) 
and A2 e 9^(02) (cf. H Theorem 1.12.3]). 

The following theorem shows that there is an EPR state of ^{Oi) V 91(02) for 
incommensurable pairs from (9l(Oi),91(02)) if Oi and O2 are strictly space-like 
separated, where 9l(Oi) V 9t(02) is the von Neumann algebra generated by 9t(Oi) 
and 91(02). 

Theorem 1. Let 9Ii and 9I2 be mutually commuting non- abelian von Neumann 
algebras on a Hilbert space % such that A1A2 ^0 for any nonzero operators Ai G 9Ii 
and A2 G 9^2 • Then, there exists a vector state (p of 9li V 9^2 which is an EPR state 
for incommensurable pairs {Ei,E2) and {Fi,F2) of projections from, (9li,9l2). 

Proof. Since 9T:i is not abelian, there exists projections R and S such that [R, S] ^ 0. 
Define T G 9Ti by T = (/ - R)SR. Then T ^ 0. Let T = V\T\ be the polar 
decomposition of T. It follows from the construction of T that VV* is orthogonal 
to V*V and V^ — (cf. 13, Lemma]). Similarly, there exists a partial isometry 
11^ G 9t2 such that WW*\s orthogonal to W*W and W^ = 0. Let Ei = VV*, 
Fi = \{VV* +V*V + V + V*), E2 = WW*,&rAF2 = \{WW* + W*W + W + W*). 
Then Fi and F2 are projections in 9ti and 9I2, respectively. Since Ei G 9ti and 
E2 G 9T2, we have E1E2 7^ by hypothesis. Let ^1 be a unit vector such that 
*i G E1E2H. Since VW{V*W*)'^i ^ fi, we have V*W*'^i ^ 0. Define * G H 
by vp = 75(^1 + V*W'*^\). Then "^ \s, 'd. unit vector. Let ip be the vector state of 
9ti V 9I2 induced by *. Then 

</j(Si) = ^>{E2) = ^{ExE2) - ^{Fx) - ^{F2) - ^{FxF2) = i. 

Since ^iFi* = 575 (*i + W^**i), Fi^^i* = ^*i ^^^ ^**i ^ 0' ^^ ^^'^^ 
V3(|[£;i,Fi]|2) ^ 0. Similarly ip{\\E2,F2\\^) ^ 0. Therefore, the vector state (p of 
9Ii V 9I2 is an EPR state for the incommensurable pairs {E\, E2) and (Fi, F2) from 
(^1,^2). □ 



3 Bohr's requirements of classicality and objectivity 

Halvorson and Clifton followed Howard's interpretation of Bohr's notion of "classi- 
cal description," and they reformulated this notion in algebraic quantum theory as 
follows 10, p. 13]. Let *B be a unital C*-subalgebra of a unital C*-algebra 21 with 
a state (p. A state w of *B is said to be dispersion- free if uj{A* A) — \uj{A)\^ for 
any A G *B. We say that ^p is classical on *B or that *B is beable for ip if there is a 
probability measure fj, on the space Sdf{^) of dispersion- free states of ® satisfying 



ip{A) = / u;{A)d^i{uj) (2) 

for every A g *8. 

A measurement context is defined to be a pair {ip, A) of a state (^ of 21 and a self- 
adjoint element A G 21. If A G 21 is an observable being measured in state (p, then A 
must be contained in a beable subalgebra S determined by the measurement context 
{(p, A), since the outcome of the A measurement must be described classically by the 
classical probability distribution fi of possible values U!{A) with w S Sopi^)- Then, 
the subalgebra iB contains only observables for which we can speak of their values 
in terms of classical language. 

As discussed in Section 1, we need some proposal to uniquely determine an 
appropriate subalgebra S. Howard's strategy to single out such a subalgebra is to 
collect all the observables whose value can be predictable from the value of A without 
any further disturbance of the system. This can be done if (p is an EPR state for 
{A, B). Thus, Howard's strategy is to collect all observables of the form J{B) such 
that p is an EPR state for (A, B). This strategy was successful to reconstruct Bohr's 
reply in Bohm's modified spin version of the EPR argument. Halvorson and Clifton 
called the above doctrine a contextualized version of the EPR reality criterion, since 
that assigns an element of reality to an observable the value of which can be predicted 
without disturbing the system, provided it can be described by a classical language 
together with the value of measured observable A. 

Halvorson and Clifton [101 pp. 14-15] proposed an alternative approach to single 
out a suitable set of observables to possess their values in the given measurement 
context. According to them, a feature of a system is "objective" by being "invariant 
under the 'relevant' group of symmetries" 10, p. 11], as follows. Let 03 be a unital 
C*-subalgebra of a unital C*-algebra 21 with a self-adjoint element A and a state 
Lp. We say that 58 is definable in the measurement context {p^A) if U*^U = *8 
for any unitary [/ S 21 such that [A, U] = and pu — p, where p>ij is defined 
by ipu{X) = p{U* XU) for every X S 21. Here, we have used a notion of implicit 
definability, in the sense that *8 can be considered to be implicitly defined by p and 
A if the membership of *B is not affected by any automorphism of 21 that leaves p 
and A invariant; this notion is widely used in foundational studies, for example, by 
Malament J^ p. 297]. 

Recall from Section 1 that Halvorson and Clifton proved consistency between the 
above two approaches to single out an appropriate subset of observables — Howard's 
contextualized version of the EPR reality criterion and the invariance under the 
relevant group of symmetry — for the position-momentum case. Now, we shall 
prove that the above two approaches are consistent even in a general formulation 



of algebraic quantum theory. To formulate the statement, we say that a unital C*- 
subalgebra S of 2t is a beable subalgebra for {ip, A) if it satisfies following conditions: 

(i) (Beable) ip is classical on S. 

(ii) (A-Priv) A e ». 

(iii) (Def) <B is definable in {f,A). 

The following theorem shows that the beable for the measurement context (ip, A) 
may include an observable perfectly correlated with A but excludes observables non- 
commuting with observables perfectly correlated with A. 

Theorem 2. Let (A, B) be a pair of commuting self-adjoint elements in a unital 
C*-algebra 2t. Let ip be a state of % and let ^ be a C*-subalgebra of^. If ip is an 
EPR state for {A,B) and 03 is beable for (ip,A), we have 

if{W\Z]\^)=Q 

for all Z Cz ^ and n — 1,2, . . .. 

Proof Let Vt = exp{-it{A - B)}, where i e R. Then, we have [A,Vt] = 0. Let 
(7r,'H,ri) be the GNS representation of 21 induced by f. Since (p is an EPR state 
for {A, B), we have tt{A — B)n = 0, and consequently 7r(Vt)r2 = Jl. Thus, we have 
ipvt = V- From (Def), we conclude V(*iBVt = *8. Now let Z e *8. From (A-Priv) we 
have [A, Z] G *B. Note here that V^*ZVt is uniformly continuous in t, since A — B is 
bounded. Thus, we also have [A — B,Z] = —i-j^V^ ZVt\t=o G ®, so that we obtain 
\B, Z] G 03. Let w be a dispersion-free state on *B. By the Hahn-Banach theorem, 
w can be extended to a state w of 21. Then, we have uj{ZB) = Cj{BZ) = i^{Z)Q{B). 
Thus, we have co{[B,Z]) = 0, so that uj{\[B,Z]\^) = \ui{[B,Z])\'^ = 0. Since ip\<B is 
classical, there is a probability distribution /i of dispersion-free states satisfying 

^{\[B,Z]\')^li^{\[B,Z]\')df,{i^)^0. 

This completes the proof for n = 1. The proof for n > 1 is analogously obtained by 
replacing A- Bhy A" - B". D 

Let (/? be an EPR state for incommensurable pairs (^1,^12) and {Bi,B2). Suppose 
that Ai is measured in the state ip. Then, the measurement result on Ai is considered 
real. By Bohr's requirement of a classical description, Bi cannot have the elements 
of reality. Since A2 and B2 are not commuting in ip, they have no simultaneous 
reality, so that the problem is on what ground to choose either A2 or B2 ■ According 
to Howard, Bohr regarded elements predictable with certainty as real [TTl p. 256] 
plausibly, once given such a context. Therefore, A2 is an element of reality if Ai is 
measured in the state ip. Since A2 and B2 cannot be ascribed simultaneous reality, 
B2 is not an element of reality in this case. This interpretation is consistent with the 
objectivity requirement, implicit definability of the beables *B, or invariance under 
the relevant group of symmetries, as shown by the following theorem. 

Theorem 3. Let ip be an EPR state of a unital C*-algebra 21 for incommensurable 
pairs {Ai,A2) and {Bi,B2) in 21. Then, neither Bi nor B2 can be an element of 
any beable subalgebra for {ip, Ai). 



Proof. Let S be a beable subalgebra for {ip,Ai). Suppose Bi S *B. By P Proposi- 
tion 2.2], (/?(|[A", i3™]P) = for all n,m. This contradicts the incommensurability 
of (^1,^2) and {Bi,B2), so that Bi ^ *8. Suppose -B2 € *8. It follows from Theo- 
rem[3that ip{\[A^ , Z]\'^) = with Z = B™ e «B for all n,m. This contradicts the 
incommensurability of (^1,^2) and (Si, 52), so that B2 ^^. D 

4 Unbounded observables 

In the previous section, we have extended the Halvorson-Clifton consistency theorem 
to EPR states in algebraic quantum theory. However, this formulation is limited to 
the case where observables to be correlated by EPR states are bounded. Since 
the original EPR argument involves unbounded observables such as position and 
momentum, a further extension of the formulation is necessary to include any EPR 
states for unbounded observables. This section is devoted to such an extension of 
the preceding result. In the next section, we shall show that the result obtained in 
this section reconstructs Bohr's reply to the original EPR argument. 

In algebraic quantum theory, any quantum system S is represented by a C*- 
algebra 21. Obviously, 21 does not contain any unbounded observables. Thus, 21 
"describes" an unbounded observable A of S through a class of bounded functions 
f{A) of A. Here, we assume that the C*-algebra 2t describes an unbounded ob- 
servable A of S if and only if 2t contains the exponential function e**"^ of A for any 
real number t, or equivalently if and only if 21 contains every almost periodic func- 
tions f{A) of A. This assumption is relevant to CCR algebras or Weyl algebras as 
discussed in the next section. 

Denote by CB(R) the space of complex- valued bounded continuous functions on 
the real line R. We say that a function / G R is almost periodic (/ € AP(R)) if its 
orbit under translations 0{f) = {ft\t G R} is relatively compact in CB(R), where 
ft{x) = f{x — t) for all a; S R [?]■ Denote by xt for a real i S R the character on 
R defined by Xt{x) = e**^ for all a; G R. The space AP(R) is characterized as the 
C*-algebra generated by the set of all characters Xt with t € R, and is *-isomorphic 
to the C*-algebra C(&R) of continuous functions on the Bohr compactification &R 
ofR [H]. 

Let 21 be a unital C*-algebra and let iy9 be a state of 21. An observable of 21 
is defined to be a *-homomorphism from the abelian C*-algebra AP(R) of almost 
periodic functions on R into 21. Denote by 0(21) the space of observables of 21. The 
range A(AP(R)) of an observable A is denoted by C*(A), which is a unital C*- 
subalgebra of 21. For any observable A S 0(2l), we define U^ S 21 by U^ — A{xt) 
for i e R and f{A) € 21 by f{A) = A{f) for / e AP(R). Then, the mapping t ^ C//^ 
is a (not necessarily continuous) group homomorphism from R to U{'Qi), where Z//(2l) 
is the group of unitary elements of 21. Conversely, for every group homomorphism 
Ut from R to W(2t), there is a *-homomorphism tt from AP(R) into C*{A) such 
that 7r(/) — X)fe=i "fc^tt ^^ •/'(^) ~ Sfe=i o^fcS^*'"'^. An observable A is said to be 
bounded, if 1 1~> Uf' is norm continuous, i.e., limt_i.o ||C//^ — 1|| = 0. For every bounded 
observable A, there is some A £ 2lsa uniquely such that U^ — e'*"^. Conversely, every 
A G 2lsa has the corresponding bounded observable A so that bounded observables 
and self-adjoint elements of 21 are in one-to-one correspondence. Observables A,Be 
0(21) are said to be commuting ii C* (A) and C*{B) are commuting subalgebras. Let 



ip he a, state of 21. For any commuting A,Bg C(2t), we say that (p is an EPR state 
for {A, B) if ip{Uf-U^f) — 1 for any i £ R. This relation is equivalent to the relation 
(p{{A — B)^) — 0, if A, B are bounded, and is equivalent to the "perfect correlation" 
between A and B, if A and B are represented by unbounded self-adjoint operators 
and (p is represented by a density operator on a Hilbert space on which 21 acts [THl 
Theorem 5.5]. 

Now, we extend the notion of a measurement context to any pair (</?, A) of a 
state (^ of 2t and an unbounded observable A of 21. A C*-subalgebra 5B of 21 is said 
to be beable for a measurement context (f, A) if it satisfies the following conditions. 

(i) (Beable) f is classical on S. 

(ii) (^-Prev) C*{A) COS. 

(iii) (Def) For any unitary [/ e 21 leaving {(p, A) invariant, the subalgebra *B is 
globally invariant under U; namely, U*^U — *B, if [U, U^] — for every t G R 

and pif = (p. 

Proposition 1. Let A, B be commuting observables o/2l. A state p ofOiis an EPR 
state for {f{A), f[B)) for every f G AP(R) if it is an EPR state for {A, B). 

Proof. Suppose that p is an EPR state for {A,B). Let (7r,'H,il) be a GNS repre- 
sentation of 2t induced by p. By assumption, 

||7r(C//^)J7 - 7r([/f )f}f = 2 - 2^{TT{U(')Vl,TT{U^)n) = 2 - 2p{U^iU^) = 0. 

Thus, ■K{U^)n = n{Uf)n. It follows from hnearity that if 

k=l 

then 'K{f{A))il = n{f{B))il, and this holds for every / e AP(R) by continuity. 
Therefore, we have pUfiA) - f{B)f) ^ for aU / e AP(R). D 

The following theorem extends Theorem [2] to unbounded observables. 

Theorem 4. Lef 21 be a unital C*-algebra and letp be a state of^. Let A, B E 0(21). 
If p is an EPR state for iA,B) and S is beable for {p,A), then we have 

pi\[fiB),Z]\') = 

for all Z e'S and f G AP(R). 

Proof. The proof is obtained from the proof of Theorem [5] by replacing A — B hy 
f{A) — f{B) using Proposition [T] to show pvt ~ p ii f is real-valued. Then, the 
assertion follows easily. D 

Let (^ be a state of 21. Observables A and i? of 21 are said to commute in p if 
p{\[U^, U^]\'^) = for all i, s G R. This definition is equivalent to the previous one 
for bounded observables A and B. Let 2li , 2I2 be commuting subalgebras of 21. Then, 
pairs (^1,^2) and {Bi, B2) with Aj,Bj G 2tj for j = 1, 2 are called incommensurable 
pairs from 2li, 2I2 for p if Aj,Bj G 0(2lj) for j = 1, 2 and pi\[uf' , C/f^lP) ^ for 
some i, s G R. 

The following theorem extends Theorem [3] to unbounded observables. 



Theorem 5. Let 2li , 2t2 he commuting subalgehras of a unital C*-algehra 21. Let ip he 
an EPR state ofOi for incommensurahle pairs (^1,^2) and {Bi,B2) from (2li,2l2). 
Then, neither Bi nor B2 can he an ohservahle of any heahle suhalgehra for (ip,Ai). 

Proof. Let <B be a beable subalgebra for (93,^1). Suppose Bi £ 0(25). By 
Proposition 2.2], (/3(|[f7j ^ ,Uf^]\^) — for any t, s e R. This contradicts the incom- 
mensurabihty of (Ai, A2) and (Bi, i?2), so that Bi ^ *8. Suppose B2 € S. It foUows 
from Theorem H that ip{\[U^\Z]\'^) = with Z = Uf^ G <B. This contradicts the 
incommensurabihty of (^1,^2) and {Bi,B2), so that ^2 ^ S. D 

5 EPR argument 

In this section, we formulate the original EPR argument following Halvorson and 
Clifton [TU] , and explicitly show that the general theorem obtained in the preceding 
section can reconstruct Bohr's reply to the original EPR argument. 

Let Q, P be self-adjoint operators corresponding to position and momentum, 
respectively, in the Schrodinger representation on L" (R) of one-dimensional motion. 
Let 2l[R^] be the Weyl algebra, namely, 2l[R^] be the C*-algebra generated by 
f{Q),f{P) for ah / G AP(R). We define observables Q,P of 2t[R2] by Q{f) = f{Q) 
and P{f) = f{P) for ah / G AP(R). Then, C*{Q) and C*{P) are *-isomorphic to 
AP(R). For any observable X of 2t[R^], we denote the corresponding observables 
in a[R2] (8) C/ and C/ (g) 2l[R2] by Xi = X (g) / and X2^ I ® X, respectively. 

We define observables Qi - Q2 and Pi + P2 of 2l[R2] ® 2t[R2] by Qi - Q2U) = 
/(Q1-Q2), Pi+P2{f) = /(A + A) foraU/ G AP(R). Denote by C*(Qi-g2, Pi + 
P2) the C*-algebra generated by C*{Qi — Q2) and C*(Pi -t- P2). In what follows, 
let2l = 2l[R2]g)2t[R2]. 

Proposition 2. C*{Qi - Q2,Pi + P2) is *-isomorphic to AP(R2). 

Proof. Let F be the Fourier transform on p2(R). Let ai(X) = (1 «) J"*)A:(1 ® J"). 
For every / G AP(R), we have ai(/(Qi)) - /(Qi) and ai(/(Q2)) = /(A). Let 
U = e-^^iQ^/Zi and a2{X) = U*XU. Then, ^2 is a *-automorphism of 21. We have 
a2(/(Qi)) - /(Oi - Q2) and a2(/(P2)) = /(A + A) for every / G AP(R). Thus, 
we have ^2 o ai(/(Qi, Q2)) = /(Qi - Q2, A + A) for aU / G AP(R2). The cor- 
respondence L : f{x,y) H^ f{Qi,Q2) is *-isomorphism from AP(R^) to C*{Qi,Q2), 
and hence C*iQi - Q2, Pi + P2) is ^-isomorphic to AP(R2). D 

For every (u, v) G R^, a canonical [u, v)-EPR state is a state (p of 2t satisfying 

'^(/(Qi-Q2,A + A))-/(w,^^) (3) 

for aU / G AP(R). 

Canonical EPR states can be constructed by the following standard argument. 
By the *-isomorphism between C*{Qi — Q2, A + P2) and AP(R^), every point 
{u,v) G R^ defines a state ip of C*{Qi - Q2,Pi + P2) satisfying Eq. ^. By 
the Hahn-Banach theorem, this state extends to a canonical (u, w)-EPR state of 
21. Halvorson P proved the uniqueness of the canonical (u, w)-EPR state for every 
u, u G R. 
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Proposition 3. The canonical {u, v)-EPR state is an EPR state ofOi for {Qi, ul + 
Q2) and{Pi,vl-P2). 

Proof. Let ip be the canonical (u, i;)-EPR state. We have 

Thus, if is an EPR state for {Qi,ul + Q2), and similarly it can be shown that it is 
an EPR state for (Pi , w 1 - P2 ) • □ 

According to Bohr, a measurement on the first particle in an EPR state influences 
the condition which defines elements of reality for the second particle. The following 
theorem mathematically reconstructs Bohr's reply to EPR. 

Theorem 6. Let (p be the canonical {u,v)-EPR state of ^ for u,w G R. Then, 
neither Pi nor P2 can be an observable of any beable subalgebra *B for (ip, Qi). 

Proof. Let *8 be a beable subalgebra for {(p,Qi). Since Pi does not commute with 
Qi, it is obvious that Pi ^ 0(*B)). Suppose P2 € 0(S). Since (p is an EPR state 
for iQi,uI + Q2) and «B is beable for {(p, Qi), from Theorem H with Z = e''"^^ e *B 
we have 

Let {T-L, vj, Vl) be the GNS construction of 21 induced by Lp. Then, we have 

w{e''^^e"^^)n = w{e"^^e'^^)n. 
By the Weyl commutation relation, we have 

w{e'^^e'^^^)n = -vu{e'^^'e'^')n. 
Thus, we have 

This is a contradiction, since w{e^'^^e'^'^^^) is unitary, so that we conclude P2 ^ 
0(05). D 

6 Concluding Remarks 

Let Oi and O2 be strictly space-like separated regions in Minkowski space. Then 
there exists a vector state (p of *^{Oi) V ^{02) which is an EPR state for incommen- 
surable pairs {Ei,E2) and (^1,^2) of projections from (fTl(Oi), 0^(02)) by Theorem 
[TJ If we were to measure Ei in Oi in </?, we could predict with certainty the outcome 
of E2] and if we were to measure Pi in Oi in -0, we could predict with certainty the 
outcome of P2 . 

If we accepted the criterion of reality which was proposed by EPR, P2 and 
P2 would simultaneously be elements of reality. However, quantum theory has no 
theoretical counter part of them, since they do not commute. Therefore algebraic 
quantum field theory would be incomplete with this criterion. 

On the other hand, Bohr proposed another criterion of reality. According to him, 
a measurement in Oi infiuences the condition which defines elements of reality in 
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02- Howard [T2] reconstructed Bohr's reply to EPR in terms of Bohr's notion of "a 
classical description" and "a contextualized version of the EPR reality criterion" . 
According to this criterion, "our decision as to which particular properties to con- 
sider as real will turn on the question of predictability with certainty" [TTJ p. 256]. 
Therefore Fi is an element of reality if Ei is measured in (p. Since Fi and F2 cannot 
be ascribed simultaneous reality, F2 is not an element of reality. 

Halvorson and Clifton showed that Bohr's reply to EPR is consistent with the 
following requirements [TOl pp. 16- 17]: (1) Empirical Adequacy: When an observable 
is measured, it possesses a determinate value distributed in accordance with the 
probabilities determined by the quantum state. (2) Classical Description: Proper- 
ties P and P' can be simultaneously real in a quantum state only if that state can 
be represented as a joint classical probability distribution over P and P'. (3) Ob- 
jectivity: Elements of reality must be invariants of those symmetries that preserve 
the defining features of the measurement context. For the EPR position-momentum 
case they proved the consistency between those two requirements [ini Theorem 2], 
by showing that given the measurement context ((/?, Qi) with an EPR state and the 
position Qi of the particle I, Qi has the value as an element of reality, the value of 
Pi might be ascribed reality, but the value of P2 cannot be ascribed reality. In Theo- 
rem [S] we have reconstructed this consistency theorem through an rather elementary 
arguments in a general formulation of algebraic quantum theory. 

It is shown that Howard's contextualized reality criterion is consistent with the 
above three requirements in Theorems [5] and [3] for the case of bounded observables in 
algebraic quantum field theory, and in Theorems [4] and [5] for the case of unbounded 
observables. Thus, Howard's reconstruction of Bohr's reply based on a contextu- 
alized version of the EPR reality criterion has now acquired independent grounds 
from the objectivity requirement represented by an invariance principle under rele- 
vant symmetries even in a general formulation of algebraic quantum theory. 
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